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Abstract. In this work we compute the induced transfer map: 

r* : Im (res* : H* (G) H* (V)) Im (res* : H* (Spr. ) ^ H* (V)) 

in mod p-cohomology. Here Epn is the symmetric group acting on an n- 
dimensional Fp vector space V, G = Sp",p a p-Sylow subgroup, Sp„-i J Sp, 
or Ep JSp„-i. Some answers are given by natural invariants which are re- 
lated to certain parabolic subgroups. We also compute a free module basis 
for certain rings of invariants over the classical Dickson algebra. This pro- 
vides a computation of the image of the appropriate restriction map. Finally, 
if g : Im (res* : H* (G) H* {V)) Im(r-es* : H* (Epr.) H* {V)) is the 
natural epimorphism, then we prove that t* = ^ in the ideal generated by the 
top Dickson algebra generator. 



1. Introduction- Results 

Let iJ be a subgroup of a finite group G. Tliere are two important maps in 
group cohomology going in the opposite direction: the restriction and transfer. The 
Weyl subgroup acts on the right in group cohomology and the inclusion H ^ G 
induces a map 

(re4)* (G) ^ H* 

In other words the image of the restriction map is contained in the Wg (V)- 
invariants. The role of classical invariant theory in determining and analyzing 
cohomology of finite groups is important. 

The inclusion H G also induces a transfer map 

tr* : H* (H) H* (G) 

The transfer map plays a fundamental role in group cohomology. 
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In this work we compute the maps above for particular cases. Some answers 
are given by particular invariants which are of the form: a free module basis over 
the fundamental object in modular invariant theory, i.e. the Dickson algebra. 

We studied the case G = Z/p J ...JZ/p in We extend those results for 
G = Sp/EpTi-i and S^n-i /Sp. The methods applied in [5] can not be applied 
in this case. We compute the image of the restriction map in Theorem [17] for 
^p"' / ••■ / 5^p"i • To compute the transfer, we need to express the previous ring as 
a module over the Dickson algebra. We do so in proposition [221 and Theorem [32] 
Finally, we show that the induced transfer coincides with the natural, so called, 
epimorphism on a certain ideal in Theorems [41] and 1431 

Let V = ¥p he an n-dimensional Fp vector space. Let Epi. denote the permu- 
tations on V. Now V has a left action on itself and defines an inclusion: V ^ Epn. 
Let Ep/Spji-i denote the semidirect product of Sp with (Epn-i)^ with Ep acting 
by permuting factors. And for Ep^-i /Sp respectively. Let 

Ep.,p :=Z/p/.../Z/p 

which is a p-Sylow subgroup of Spn p containing V. The maximal elementary 
abelian p-subgroup V is contained by both Sp / Epn-i and Epn-i / Sp. 

Simple coefficients are taken in Fp ~ Z/p where p is an odd prime. For p ~ 2 
minor modifications are needed and left to the interested reader. Hence H* (G) 
stands for H* {G^Z/p). 

It is known that 

iPp[yi, • • • ,yn], for p = 2 



^ i£^Fp (a;i, • ■ -Xn) «)Fp[yi, • ■ • ,y„ 

It is known that the Weyl subgroups Wspr. {V), W^^„ ^ (V), Wep/s „_i (V) and 
„„i /Sp (V) are the general linear group G'L(n,Fp), the upper triangular sub- 
group [/„, and the parabolic subgroups P (1, rt — 1) and P {n — 1,1) respectively. 
Here 

P (I. ^ L-\ — ) I 

B 



P{k,n~k) ^ \ I ^ ^ ]\AeGL{k),B€GL{n~k)) 



Kuhn ( 8 ) proved that the following diagram is commutative and this is the 
key point for our study: 

if* (Ep/Sp„-i) K H*{j:p.) 

In this work we investigate the induced transfer homomorphisms: 

Im {res* : H* (G) ^ H* {V)) ^ Im {res* : H* (Ep,.) H* {V)) 

For G = Spn_p, SpJSp,!-! and /Sp. The problem reduces to find free 

module bases for certain algebras of modular invariants. This is a hard problem for 
a general parabolic subgroup. 

The restriction map is not an onto map and our first task is to compute its 
image. Please note that for p = 2 the restriction map is onto. We give an invariant 
theoretic proof of the following Theorem first proved by Mui using cohomo- 

logical methods in section 3. It requires technical results from group cohomology 
and invariant theory. 
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Theorem 11 [15] The image Im (res* : H* (Sp-^p) H* {V)) is isomorphic 
with the tensor product between an exterior and a polynomial algebra 



Definitions and notation are given in section 2. 

Since the transfer is an additive map (and the identity on the Dickson algebra), 
it is important to describe these images of the appropriate rings as modules over 
the Dickson algebra {H* The bulk of this work is to that direction. 

As an application of last Theorem we derive the next proposition in section 3. 
The image is given by natural invariants which have the following form. 

Proposition 1161 The image Im (res* : H* (Ep^^p) H* {V)) is isomorphic 

with 

i Si 11 

Here k < i <n and < si < ... < Sfc-i < i — 1- 

Let / = (n;, ni) be a sequence of positive integers such that = n and 

P (/) the associated parabolic subgroup. We call 

Dr. (Fp[yi,...,y„]f^™ 

(the classical Dickson algebra) and 

Fp (/) := (Fp[yi,-.- ,y„])^(^) 

Implementing last Theorem and the ring H* {V)^^'^\ we compute the image of the 
restriction map in section 3. 

Theorem[T7] The image Im (res* : H* (Ep"i / ... / Sp"i ) H* {V)) is isomor- 
phic to the subalgebra generated by 

,p-2 . /„ \ p-2 



I <i <£, 1 < h < n.i,ki < kj < v^, Vi = 

t=\ 

along with certain relations. 

For notation and relations between the generators please see Theorem [11] in 
section 2. 

It is a hard problem to express the subalgebra above as a free module over the 
appropriate subalgebra of the Dickson algebra. Instead we study certain rings of 
invariants of parabolic subgroups. 

It is known that Fp (/) is a finitely generated free module over In order to 
provide a free basis, we define a new generating set for Fp (1, n — 1) and Fp (n — 1, 1). 
There are two advantages for this new set. Mainly, it is closed under the action of 
Steenrod's algebra and secondly the algebra generators for £)„ can be decomposed 
with respect to the new ones. We prove the following proposition in section 4. 

Proposition I23l Let I — (l,rj — 1), then 

¥p{l)=¥p[h\-\dn,dl) I 1 

H* ivf^'^ = ¥p{I)®¥p{I) Afi,o/^r'©^n,ti,...,t.ir 

L ti 

Here 1 < tk and < ti < ... < tk < n - 1. 
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Kuhn and Mitchell described ¥p (I) using appropriate Dickson algebra genera- 
tors in |9]. Their set is elegant and more easily described than ours, but their set 
is not closed under the action of Steenrod's algebra, and their set is not as useful 
as ours is in computations. 

The next Theorem provides a free module basis for Fp (n — 1,1) over Z3„ proved 
in section 5. 

For each t, 1 < t < n — 1, we define the set of all {n — t)-tuples 
>I(n-2,t)=={M = (p,mt,...,m„„2) | 0<m, <p-l} 
and, for each M G A^(n — 2, t) we define 

"n-l ~ "n-l,t-l"n-l,f-"n-l,n-2 

Theorem [32] We have 

n-l 

Bd„ (Fp(n - 1, 1)) = U {d^-i I M G Min - 2, t)} 
t=i 

as a free module basis for Fp(n — 1,1) over Z?„. 

The following corollary is the main result in this work. 

Corollary [33] Im (res* : H* (Ep / Sp^-i) H* (V)) is isomorphic to a free 
module over _D„ on 

I < m < Ai,k < n,l < Sk,0 < si < ... < Sk < n - I J 

Here Ai = p""^ + ... +p. 

ii) Im (res* : H* (Spn-i / Sp) — > H* (V)) is isomorphic to a free module over 
Dn on 

I /,.geBD„(Fp(n-l,l)), fc<n-l,0<si<...<Sfe<n-l J 

Finally, the transfer map is studied in the last section. There is a natural 
description of Fp (1, n — 1) or Fp (n — 1,1) as a polynomial algebra f proposition 1231 
or as described in [9]). According to last corollary, there is an alternate description 
of it as a free module over the Dickson algebra. The natural epimorphisms 

e : Fp (1,71 - 1) ^ and ^ Fp (n - 1, 1) ^ n„ 

which "rewrites" an element of the polynomial algebra in terms of the free module 
basis are shown to be equal with the induced transfer maps. Let us consider an 
example. 

Example Let n — 3 and p = 2. Fp (2, 1) = Fp [d2fl, ^2,1, (^3,2] and the basis 
is _B = 0^2 1' ^2 0^2 1' '^i i|0 — — l|- We need to describe the way in which 
the three generators of Fp (2, 1) can be written in terms of B and D3. Here is the 
way: 



(^2, 0*^2,1 — 0^3,0 + (is, 2^2,0 

"^2,1 — <i3,l + fis, 2^2,1 + (^2,0 
^^2,0 = C?3,lC?2,0 + da, 0*^2,1 
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Suppose we want to find ^ (dl^odl i). According to B and the relations above, this 
element "rewrites" as follows 

^^2, 0^^2,1 — '^3, 0*^3,1 + c's, 0*^3, 2^^2,1 + C^a, 0*^2,0 + "^S, 2*^2, 0*^2,1 + c'3,0c'3, 2*^2, 0^^2,1 

Thus ^ ((ii,o4,i) = '^3,0^^3,1 • 

Theorem 1411 Let ^ : Fp(n — 1,1) — > be the natural epimorphism with 
respect to the given free module basis B and f* : ¥p(n — 1,1) — > _D„ the transfer 
map. Then ^ — f* . 

The advantage of the map ^ is that it calculates f * . 

Although the transfer map satisfies the nice property described in last Theorem 
for the polynomial part of the ring of invariants, it does not for the exterior part. 
Please see example |42] But the transfer coincides with the map ^ in the ideal 
generated by the top Dickson algebra generator. 

Theorem 1431 Lef ^, f* : Im (^reSy"""^ Im ^resy""^ the rewriting and the 

induced transfer maps. Then ^ = f* in the ideal generated by (dnfl). 

Our method strongly depends on the action of Steenrod's algebra on the rings 
of invariants. This action is the key ingredient in the proof of Theorem [15] which is 
the building block for the computation of the images of the appropriate restriction 
maps. This method was inspired by a similar method used by Adem and Milgram 
VI 1 in IJ. All background material can be found in this excellent account. For the 
computation of the free module bases, we follow Campbell and Hughes [2]. Taking 
into account proposition 1161 which is a long and technical result, the familiar reader 
may proceed to sections 5 and 6. 

We thank the referee and N. Kuhn very much for their suggestions regarding 
the exposition of this work. 

2. The rings of invariants 

Let us repeat some classical results from the literature. Let G = GL{n,¥p), 
Bn, or Un be the general linear group, the Borel subgroup, and the upper triangular 
subgroup with I's on the diagonal, respectively. G acts as usual on V. Let / = 
(rt;,...,ni) be an ordered sequence of positive integers such that = ti. We 

order such sequences as above by refinements: / < /' if / is a refinement of /'. For 
example (1, 1) < (ni, 712) < (n). Given such a sequence / let <Z ... dV^ — V 
be defined by 

=< ei, 62, ...,e(„j+. ..+„,) > 
This is called a flag by Kuhn [8] . It is well known that the set 
P{I) := {9 e Gi(n,Fp) | g(V') = V'} 

^W=< ■•. * \\<GL{n,¥p) 
[ V Gi„, / J 

is a subgroup of GL(n,Fp) called a parabolic subgroup related to the partition /. 
Moreover, if G is a subgroup of GL{n, Fp) containing the Borel subgroup i?„, then 
G — P{I) for some sequence /, ([3j page 112). 

Since H* {V) — Ep^ {xi, ■ ■ ■ Xn) 'E)¥p[yi, ■ ■ ■ , the object of study is 



(E'Fj, (xi, ■■■Xn)<E) ¥p[yi, • ■ • , y„]) 



p(/) 
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The classical Dickson algebra, !)„ = (¥p[yi,--- ,yn])'^^''^'^''\ is described as 
follows. Let 

n 

hi= Y\. ~ ^^"^ ^11'*' 

DGVi-i 1 

/ yi • • • Vn \ 

Let Ln.i be the determinant of the n x n matrix \ ... \ where the 

V yf ••■ yf / 

i + 1-row is missing, i.e. the row ^ , • • • , Un ^- Moreover, L„ — Ln^n and 
Ln,o — LP. 

I vi ■■■ yt ■■■ Vn 

Let Ln^i (t) = det ; ... \ ... ; 

V 2/i ■■■ iit ■■■ yf 

missing. Now the following formula holds: 

(1) L„ = (-1)*-^ [ytLn^n-i (i) - yfi„,i (i) + ... + (-1)""' L„,„-i {i)] 
Finally, let 



where the i + 1-row is 



The degrees of the previous elements are \hi\ — 2p' ^, |L„| — 2 ^ , and \dn,i\ ~ 

We shall also need the matrix u which consists of I's along the antidiagonal for 
the transpose of these groups, please see remark [T2l 

Definition 1. Let f e H* {V), then f stands for ujf. In particular hi — Lohi 
orhi= n iVn+i-t-v). 

Theorem 2 (Dickson). [^TDn =Fp[d„^o, • • ■ ^dn^n-i]- 

Theorem 3 (Mui). ^i) := (Fp[?;i, • • • ,?;„])^" =Fp[/i„, ■■■ ,hi] and 

Hi := (Fp[yi,--- ,2/„])''" =Fp[/i„,... 
ii) (Fp[2/i,... ,y„])^" =Fp[(/i„)f-i,... and 

(Fp[yi,... ,y„])^" =Fpp„)f-i,... 
Relations between the generators of rings of invariants are given as follows: 

Proposition 4. [5] dn,n-^ = E fl f^rT 

i<ji<-<ji<" *=i ° 

Corollary 5. rf„,„-i = d„_i,„_ift.P"^ + df,_i,„_,_i. 

Theorem 6 (Kuhn and Mitchell). [9] Lei / = (n/, • • • , ni). 

i) ¥p{I) := Fp[d^,,^,_fc, \l<i<£, l<h<n,, ly.^j^nt]. 



t = l 



\) Fp(/)* := Fp[d,„,._fc. I 1 < i < £, 1 < fc. < n„ v.^Y. 
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All the rings of invariants considered in this work are algebras over the Steenrod 
algebra. The action of Steenrod's algebra on Dickson algebra elements has been 
completely computed in [6] . We repeat here the following Theorem applied several 
times in this work. 

Theorem 7. 36, page 170) i) Let q = E""^atp*+' such that p ~ 1 > at > 
at-i > a,i_i = 0. Then 

otherwise, P'^df^^ = 0- 

ii) Let q ~ S"^^atp*"^' such that p — 1 > at > at-i > a,; = and + 1 
> fli-i > a* > at-i > 0. Then 

p'<. = 

4A-rr- (nr«'(;' )) (t;) (nr'(;J)nr 

Here a^-i — 0. Otherwise, P'^d^^ o ~ 

We need some technical results for the proof of Theorem [151 Let 

(2) h{3):^ n 

'J6(l/l,---.Sj,---.yi-l) 

and dn^t (j) be the Dickson algebra generator of degree 2 (p"^^ — P*) in 

(F,[yi,...,y„...,y„]f^("-^'^'') 
Let (5ij G Gi(n,Fp) such that it permutes only the i and j coordinates. Let 

(3) hi [j) S^^jh, = Yl iVj - ^) 

for j < i. 

Lemma 8. h, = /if (j) - /i, (j) 
Proof. 

= n n ^ - -y) = 

n E (y. + (-1)' (i) = 11 {h^ (i) + a/^.-i (i)) 

a t—0 a 

p-2 

Since = Omodp, ^ a^^ = Omodp and a = p — Imodp, /ij — 
h^ (i) — ft-i (i) Now applying the statement follows. □ 

The Dickson's result was extended for H* {V) ^ ' '"'^ by Cardenas and Mui 
for the general case. For full details please see [11] . 
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In Ez [xi, ...,Xn) <8i let Mn,su---,Sk be defined as 



Xl 



xi yi 



Vi 



2/1 



y'n 



Here < si < ... < Sfe < n — 1. The columns 



V y^: 



... yr\ 

... yf" / 

are missing and the matrix 



Xl 



for the proceeding determinant is filed out with k columns of the form 
have n rows and columns. Let 



to 



M„,, (£) = Det 



Xl yi ■ 


■ y{ . 


.. y{ 




. yi' ■ 


.. yi 



and the t-th row is missing i.e. 
obvious: 



xt.yt--,yi 



Now the following formula is 



(4) M„,„_i = (-1)* ^ [xtLn^n^i (i) - ytMnfl {t) + ... + (-1)"^' yf ^'m„^„_2 {t)] 



We recall that M, 



m,si,...,Sk 



and drn t — ojdm t for 1 < m < n and 



m,si,...,sfc anu Um.j — uiUjfi.t 



u G GL(n,Fp). 

Theorem 9 (Mui). i) i/* ^ ^^00^^^^^^^^ ^^^^ 

k Si 

a double summation is taken over k — l,...,n and < Si < ... < Sfe < ri — 1. 
Furthermore the generators satisfy: 1 ) s ~ ^ '^'^^ 

ii) H*{vf" ^ iJ*©®iJ*M,,,,,...,,, Herek <t <n and < si < 

i St 

... < Sfc_i < i - 1. 

The next lemma describes relations between exterior and polynomial algebra 
generators. 

Lemma 10. i) Let < si < ... < Sk < n ~ 2. Then 

Mn-l^si,...,Skhn ~ 



n,si,...,Sfc ( 1) ■^^n.si,...,Si,...,Si^dji^i^ 

(tl,...,tfc)>(Sfc-fc+l,...,Sfc) 



ii) Let < si < ... < Sk < fc — 1. Then 

Mi^si,...,Skhl+l...hn = Mn^si,...,Sk + 



Mn,ti,---,tkfti,...,tk 

(tl,...,tfc)>(Sfc-fc+l,...,Si.) 



Here ft^-.-.t^ £ Hn- 



The next Theorem is an extension of Mui's Theorem for parabolic subgroups 
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Theorem 11 (Kechagias). Let I ~ {ni, ■ ■ ■ , ni) be a sequence of non-negative 
integers such that '^ni — n and P{I) be the associated parabolic subgroup of 
GL{n,¥p), then 

H* {Vf^''> ^ Fp(/) 0Fp(/)M,„,„...,,,L^-2 

i k St 

i 

Here 1 < i < i, I'i — "-t? ^ ^ k < Vi, Vi-i < Sk and < si < ... < Sk < — 1. 

3. The restriction map 

We remind the reader about a well known analogy between 

Un < Bn < P{I) < GLin,¥p) 

and subgroups of the symmetric group Spn. There exists a regular embedding 
V ^ Epn which takes u € V to the permutation on V induced hy v u + v. 

Let us recall that the wreath product between H <T,i and K < is defined 

by 




and / iJ < T^rni- 

Let :— {Zp)^J ---J (Zp)^ and := Spn; J ...JT,p7^l. Then Sp>._p is a 

p-Sylow subgroup of Sp^ and here is the analogy 

Sp",p < S(l,...,l) < < Ep. 
Here the inclusion V ^ Sp",p factors as follows 

V = Zp X (Zp) > Zp J Sp7i-i p > Sp / Spii-i p > Spn 

Moreover, the Weyl subgroups of V in Sp>i_p, and Spn are the upper triangular 

group Un, P(I) and the general linear group GL{n,¥p) respectively. Please see |8] 
Theorem 3.2. 

Finally, Aut{V) ^ GL{n,¥p) and let 

p:W^^„{V)^GLin,¥p) 

be the regular representation. Now the contragredient representation p* acts on 
V* ^ H^{V). Here p* {g) = p {g-'^Y ■ Moreover the Weyl group, W^^„{V) 
= GL{n,¥p), acts on V* as follows: 

i 

Here, = (xi, ■ • - Xn). 

Let Eq and i^c denote the total and classifying spaces of a finite group G. Let 
H < G he a. subgroup, then Eq can also be a total space for H and pt Eg is a 
model for Bq- Moreover, 

G/H ^ Bh Bq 
is a flbration. The inclusion described above, V ^ G, induces a map 

{res^)*:H* (G) ^ H* 

Here G = and i/* (G) := i/* {Bg,Z/p). 
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Since (V) = V* and the Bockstein homoniorphism is an isomorphism /3 : 
{V) iJ2 (V), let yi = l3xi for 1 < i < n. Now 

H* (V) = Ew^ {xi,---x„)(E>¥p[yi,--- , y„] 
and H* (t/)Gi(",Fp) ^gj^Q^gg ^j^g Dickson algebra. 
Remark 12. Note that 

/n other words we consider the transposes of the groups described above. 

The following important Theorem first proved by Cardenas for n = 2 and 
extended by Kuhn provides the effective tools for our calculations. Here we use a 
particular version of that Theorem. Please see VI, 1.6 in J^. 

Theorem 13. (Cardenas, Mui, Kuhn). 
i) Let res* : iJ* (Sp / S^^-i) H* {V), then 

Im [res*) = H* n Im {res* : H* (Sp^.p) H* {V)) 

a) Let res* : H* (Ep„-i / Ep) ^ H* {V), then 

Im (res*) H* n Im {res* : H* (Spn^p) ^ H* (V)) 

Our first task is to give an invariant theoretic description of 
Im (res* : H* (Sp^ p) H* {V)). Using a Theorem of Steenrod and the action 
of the Steenrod algebra on upper triangular invariants we compute this ring. For 
completeness we repeat some well known facts on group cohomology. For full details 
please see VII in [12j . 

Let H <J G, then we have a fibering. An application of this fibering is the 
following: 

Here Gp <iZpJG and {Baf ^ Bqp. The last implies 

H* (G) ® ... (g) H* (G) ^ H* (GP) 

Let AP : Bq {BgY be the diagonal and 

1 X Af : X Bg ^ S (Zp / G) ~ E^^ xz^ {Baf 

the induced map. The image of the restriction map is the image of 1 x A^. Now 
El* (Zp / G) is an H* (Zp)-module and (A*')* is an H* (Zp)-module homomorphism. 
Moreover the map tt* is a monomorphism. 

Let {uj\i e J} be an Fp basis of H* (G). Then 

M {uj® ® Uj\i e J) 

is an Fp-submodule of H* (G^) and 

F (uj^ ... ® Uj^ \ji < ... < jp ji < jp) 

is a free Fp-submodule of H* (G^). It is well known that 

H* (Zp / G) ^ H* (Zp; {H* {Gf )) ^ Fp i^^'' © iJ* (Zp) (g) Af 

Please see IV Theorem 1.7 in [1 . li v e H* (Zp), then v acts on ff* {Zp J G) by 
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Given a class v G H* (G) we have a class v (X) ® w G H* (C). Now 

(A^)* (w ... (X> w) = and Steenrod defined a map on the cochain level in or- 
der to compute the image of the restriction map 

P : H'J (G) ^ (Zp / G) 

such that Pv is the cohomology class e ® where e is the augmentation on the 
chain level. More precisely, 

Pv = 1® yP e Wp (E) F^p ®¥p (g) M 

Moreover, the Steenrod map satisfies 

Please see page 190 in [I]. Now H* (Zp) (E)lmP = H* (Zp) ® M and H* (Zp) (g) 
Im(AP)*P = Im(AP)*. 

Theorem 14. (Steenrod, May). Let v £ H'^ (G), 77 = (p - 1) /2 and ^ (q) = 
{T^iy Then 

(1 X AP)* Pv^^i (q) E(-l)*y^'"^'^'' eg) P'v + X:(-l)'+'^a:?/(«~2»)»,-i ^ ^p»„] 

-i i 

HereH* (Zp) ^ ^f, (a:)®Fp[2/]. 

Please see IV Theorem 4.1 in [l]. 

Now we are ready to prove the main Theorem of this section. 
Theorem 15. 

Im (res* : H* (Sp.,p) H* {V)) ^ 

Proof. We apply induction on n. We shall prove 
i) (1 X AP)* P (h^in)j = ch, and 



(p-3)/2 



ii) (1 X Af)*p(M,,,_i(n)i|^f )/2(n)) -c'Af,,, 

Here c, c' e (Fp)*- Or equivalently, 
(1 X AP)* P {h^{i)) = ch, and 

(1 X Af)*p(M,,,_i(i)L(^73)/2(i)) = c'Af,,,_ii|^f 
i) We apply Steenrod-May's formula. 

(5) (1 X Af )* P = p. {2f~^) ^(_l)™y(V--2m), ^ pra^^^l^ 

rn 

We recall definitions [H [3] and lemma [H 

(6) K = K (i) - (i) (/i-i 

The idea is to compare the coefficients of y\ for certain /'s in the expressions ^ 
and dS]). 

We start with the action of Steenrod's algebra P™hi{l). We apply Theorem 
[20l repeatedly. 

If TO = p*-^ then P™/i,(i) = /if (i). 
Now let m = ai-sp'^"^ + ... + Osp'^, then 

p™/i.(i) = (-1)--' /i,:(i)d,:-i,-2(i)h:' + n f":^') n 



ai-4 I t=s \ o,t J t=s 
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We recall definition [S] 

ii))'-' - {yC + E (-1)* yCd,-iAi)y~' 

Let r < p ~ 1, < ti < ... < tr < i ~ 2 and At^ + ... + Xt,. = p - 1. Then the 
cocfBcient of ^''^ in the last expression is given by 

Here {p - 1) (i - 2) - ^Xt.U = ^XuU mod 2. 

Next the corresponding coefficient of yi in (O shall be considered. 
Let - to)(p - 1) = Y^Xt^p^K Then 

m(p - 1) - (p _ 1) _ sAt,p*' = - ^ ^^_^(pZ-4 + ... + 

V-iCp*""' + ... + ... + fot.b*-'"' + ... + + ... 

Here = At^, bj^ - = At^, , bt^ - bt^_^ = A*^ and ht^ = p - I. Thus 

&ti = = ... = at.^j_i for i < r — 1 and = at^ — ... = ai-4 = ai^^ + 1. It is an 
easy computation to prove that the exponents of (—1) are equal in both sides i.e. 
(ai-3 + rn) = SAt^ti mod 2. 

We conclude (1 x A^)* P {hi(i)) = -/i {2p^-'^) h,. 

ii) We shall prove that 

(7) (1 X P (Af,,._i(i)Li^7'^/'(i)) = c'Af,,,_iL|P-')/' 

by comparing the corresponding coefficients of powers of yi. First we consider 
elements /3P'" (M,,,_i(i)L,^'^7^^/^(i)) 7^0. Please see proposition [HI This is 
equivalent with 

(8) m^p'-^ + ... + l + Y}a^,{p'-^ + ...+p'') and S'a,, < 
In this case 

/3P" (M,,_i(i)L(^f ^ (a,,,...,aOL,(i) (D ^--i, ji)) ^^Y 

Here a;+i = (^7^ — Sa^j) and 

(a.„ a,) - ((P - 3) /2)!/I]a.,! f ^ - Sa.,) ! 



2 

In Steenrod-May's formula, the corresponding exponent of j/i is 

^ (2p-^ - 2 (p-^ + ... + 1) - 2 (Ea, + ... - 1 = 

a-itP + 0!+ip 
For each m satisfying condition ([8|), 
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The corresponding coefRcient of xiyf +°-i+ip decomposition of 

Mi^i^iL-^"^^^^^ (right hand side in ^) with respect to Xiyi (according to formulas 
[BandllD is 

(-ifs-'- (a,„...,a,)L,_i(i)(ni:ri,ji))i°!:^:,_2(i) 

Those two elements differ by (— f )"'^^'-' ^•'^^ ^)/^ ^ 
Next we consider elements of the form 

i-irP- (M,.-i(i)ir-7^^/^(i)) y^^''^^'-'-^^ 

in the left hand side of ([7]). 

For non-zero elements we have m — p^~^ + ... + p'' + rn' with 
m' = S'flij (p*^'' + ... and S'tt^j < Replacing m in the exponent of yi 

it takes the form 

^ (2p»-2 _ 2 + ... + 1) - 2 (Sa,, + ... +p^*))) + / - 1 

As before the corresponding coefficients of yi to the particular exponent differ by 

(_l)i+(«-2)(p-i)/2 : „^ _ (fc _ 1 + S'+Ia,,it) = 1 + - 2) (p - 1) /2 modp 
Now the proof is complete. □ 

Proposition 16. The image Im (res* : H* (Spr. p) H* (V)) is isomorphic 

with 

i St 11 

Here k < i < n and < Si < ... < Sk-i < i — 1. 

Proof. This is an application of Theorem [T5l and lemma [TUl □ 

The next Theorem is an application of last Theorem and Cardenas-Mui-Kuhn 
Theorem. 

Theorem 17. Im (res* : H* (Sp", / ... / Sp-i ) H* (V)) is isomorphic to the 
subalgebra generated by 

Mi — kj.Wi—ki i^Vi 1 I 
i 

1 < i < i, 1 < ki < Hi, ki < kj < i^i, Ui ^ ^ nt 

t=i 

Subject to relations described in Theorem\^ and lemma UM 

4. Relations between parabolic and Dickson algebra generators 

Since £)„ is a subalgebra of Fp[T^]-^(^\ any Dickson algebra generator can be 
decomposed in terms of generators of the later algebra. We shall describe these 
relations in this section for / = (ri — 1, 1) and (1, rt — 1). 

We recall that a Dickson algebra generator dn^n-i consists of the sum of all 
possible combinations of i elements from • ■ • , in certain p-th exponents 

(proposition [4|) and this might be more than what a P(/)-generator needs. For 
instance, we would like to replace dn^n-i by another element which is a P{I)- 
invariant but not a GL(n, Fp)-one. An example is in order. 

Example Proposition 2] is applied. 
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a) Let n = 4 and ni = 3. 

And this polynomial is a P(3, l)-invariant. 

b) Let n — 4: and ni — 1. 

And this polynomial in a P{1, 3)-invariant. Let us call the last sum ^4^3 (/). Thus 

d4,3 (/) = rf4.3 - h<f-'^P' 

Next we consider ^4^2: 

dA.2 - (hf^^' + ht'^P + ht'^)h[P-'^P' = hf^hf'' 

Let us call the last sum 2 (/)• Thus 

di,2 {I) ^ di^2 - h^r'^P' di,3 (I) 

Now ^4.1: 

d4,i = ht'^hfhf-'^ + h^r'^f-'^^r'^^ + 4^-^'p4p-^)^4^-^'p+ 

,,(p-i)?,(p-i)?,(p-i) 

Thus 



rf44 (/) = d4,i - h^r'^^dia (/) 

Finally ^4^0^ 

Remark 18. According to proposition^ each Dickson algebra generator is a 
function on F„_i(/i^~^, /i^"^) = dn,n-i- Let I = (ni,n — ni) 

we define 

d„,„_, (/) = F„,,(o,...,o,/ip;i\...,/iri) 

for n — ni > i. 

Let us note that dn,n-i{I) also depends on the value of ui. Moreover, the 
new polynomial is a summand of c?„_„_i and it will be expressed in terms of old 
generators. The following proposition is an application of corollary [S] and Theorem 

m 
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Proposition 19. Let I = {n - 1,1), then 

¥p (/) = ¥p[dn-l,^, I < « < n - 2] 

and 

H* ivf^'^ - ¥p (/) (/) [M„_i,,,^...^,,Lf-l M„,t„...,t„„„i/ir 

Si I ti 

Here < si < ... < < n — 2 and < ti < ... < tk < n — 1. 

Next we compute the action of Steenrod's algebra on an upper triangular gen- 
erator. 

n-2 

Theorem 20. i) Let m = J2 (^tP* andp- 1 > a„_2 + 1 > On-s > ■■■ > as >0, 

t=s 

then 



an-3 / t=s \0't-lj t= 



a) Let m — p" ^ , then 

Hi) For all other cases, P"^hn = 0. 



Proof. F"/i„ = {-if vC ' d^^i.tj = 

n — 1 -i-t — i-t 

E (-1)* E P'yC ' P'dn-i,f If /'^yf " ' = for all then P"/i„ = 0. 

f — i-|-ji'^m 

Thus P^hn ^ implies 3t and z such that 

, , r for ^ = 

/'Vf = < P^yf " for « - P"-^'' and P^d^-i,* ^ 
0, otherwise 

Thus yn divides P'^hn- Since P^/i™ G i7„, F™/i„ = /i„/ and f E H,,. 

Let m < and P™/i„ ^ 0, then P'^yf'^ = and P'yf'^ ^ 0. Otherwise, 
= for Z + 1 < 71 - 1. In that case P™/i„ = 0. Thus i = p"-^ ^j^^j 

TO = + j. 

n-2 

According to Theorem [71 P"'d„-i,ri-2 7^ if and only if j = ^ atp* and 

t=s 

p — 1 > a„_2 + 1 > o-n-3 > •■• > Os > 0. Now the statement follows. □ 



Proposition 21. [5]i;P"M,,,_iL^^/^/^ = 

M.^^.iP^Ll^f + S^-iM,,tP™~(p'"'+-+f*)L|Pf 

li; LJm=p^~'^ + ... + 1 + Ea,,(p^"2 _^ ... and Ea,, < ^^3^, i/ien 

/3P™M.,.iL(^^)/^ = (a,,...,ajL.(ni-i.Jii^'^/'-^'^' 

ylnd /^P^M.^.-iil!!"^^/^ = 0, otherwise. 

Here {a^„...,a^,) = ((p - 3) /2)!/Ea.,! (^^ - Sa,J !. 
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According to Theorem [20l and proposition [2T1 the action of Steenrod's algebra 
is closed on the generating set above. 

Next we proceed to the case / = (1, n — 1). 

Proposition 22. Let / = (1, n — 1) and n ~ 1 > i > 1, then d„,„-i (/) can be 
decomposed in terms of dn^n-t o,nd vise versa for t < i as follows 

dn^n — i — h\ ^n.n — z+1 (-^) ^n.n — i (-^) 

n-1 ^ 

dn,n-i (I) — dn,n-i ~ ^ ^ ^1^ ''^^ ^ ''c^rut + l 

t—n—i 

Proof. We apply proposition [4] and induction on i. dn,n-i is a combina- 
tion of i elements from {l-if ^\...,hn or 1 from {lif and i — 1 from 
{h^2~^\ ft-i^"^''} on certain powers: 

Now the claim follows. □ 
Theorem 23. Let / = (1, n - 1), then 

¥p (/) = Fp[/ir\ (/) \l<i<n-l] 

and 



H* ivf^'^ ^ ¥p (/) e ¥p (/) 

i/ere 1 < a^d < ti < ... < tk < n — 1. 



Afi,o/»r'®A'/„,t,,...,t,Lr' 
t, 



Proof. Because of last proposition the dn^i (/)'s are invariants and consist a 
polynomial basis. The claim follows from Theorem 1111 □ 

Proposition 24. The action of Steenrod's algebra on the generating set 
dn^i (/) I l<z<7i — l| is closed. 

Proof. We need to evaluate the action of Steenrod's algebra for the Steenrod 
algebra generators only. We recall Theorem [71 

{dn,i-i, for Z i - 1 
-c'n.irfn.n-i, for / = n - 1 and 
0, otherwise 

pp';^(p-l)p^'^ 1 -hf'-^^-'^^\i0rl = k 

1 0, otherwise 

Because of proposition!^ we have to consider P^" ^,...,PP" ' ^ only. Let n—i > 1, 
then PP dn,^ (/) is a function on the set: 

{hr\dnAi) I 1} 

Let n — i = 1, then we apply relation dn,o = h'f (/) on P^ o?„^i (/). □ 

For the general case please see [7]. 
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5. ¥p{n — 1, 1) and Fp(l, n — 1) as free modules over Z3„ 

Dn serves as a homogeneous system of parameters and in fact both Fp[y]'^" 
and Fp(/) are free -D„-modules. A free basis has been given for Fp[y]'-^" as a module 
over £»„ { [2] and [5]). 

Since /7„ is a p-Sylow subgroup of GL(n,¥p) and is a polynomial algebra, 
Fp(/) is Cohen-Macaulay. Hence, Fp(/) is a free module over £)„. 

Remark 25. i) The rank o/Fp(/) over D„ is [GL{n,¥p) : P{I)]. 
ii) Let P{G,t) denote the Poincare series of ¥p{n — 1,1). Note that = 
p"^^ — divides |c?„_i+i^i_|_i | and hence 

P {Dn, t) /P{G,t) = ll (1 + tl'^-i.'l + i2M„.i,| + . . . + ^(p-l)M„_i,,|) ^ 

Definition 26. Lei the symbol Ba {A') stand for a free module basis of the 
algebra A' over the algebra A. 

Theorem 27. [2] Bd^ = {hl^.M';^'^ | < < - l} is a free mod- 

ule basis for Hn over Dn ■ 

Corollary 28. Im(r'es* : H* (Sp",p) — > H* {V)) is isomorphic to the free mod- 
ule over Dn on 

M f (p-3)/2 A f (p-3)/2 A ?(p-3)/2fri fr„ 

2 2 

0<r, < - l,fc < i < n,0 < si < ... < Sk-i <i-l 

Proof. This is an application of last Theorem and proposition [TBI O 

Proposition 29. Bd^ (Fp(l,n- 1)) = |0 < m < Ai^ is a free mod- 

ule basis for ¥p{\,n — \) over Dn- Here Ai — p"^"^ -\- ... + p. 

Proof. Our statement follows directly from the following formulas: 

n-1 

(p-l)p* + ...+p 



rfn,l = rfn,l (/) + ^(-l)*dn,l+t^l 
t=l 
n-1 

dn,0 = dn,lh^r'^ + ^(-l)*d„,i+t/l(^ 



□ 



Corollary 30. 5j 

Bd„ (Fp(l, 1)) = {ht'^"'\..h^r,'^"'-' I < m, < A,} 

is a free module basis for Fp(l, 1) over Dn. Here A, = p"-' + ...+p. 

In the opposite direction as in the last proposition, we consider the analogue 
statement. Next lemma demonstrates our approach. 

Lemma 31. Bd^ (Fp(3,l)) = {4,o4.i4',2 I < j. A; < p - l| U 

{<o4i4,2 |0<z,j <p-l}u{df,i42 \ 0<i<p-l}u{dl^} 
is a free module basis for Fp(3, 1) over D^. 



18 



NONDAS E. KECHAGIAS 



Proof. Because of remark[25l our statement follows directly from the following 
relations and induction on the total degree of (i™! '^"i t^a'o ■ 

i) difi = ^4,3^3,0 — ^^3,0^3,2 ^ ^^3,0t^3,2 = ~<^4,0 + C?4, 3^3,0; 

ii) d4,l = ^4,3^3,1 + ^3,0 - ^3,1^^3,2 ^ '^3,1^1,2 = " ^4,1 + ^4,3^3,1 + d^ Q, 

iii) d4_2 = ^4,3^3,2 + d^,i - df^^ = -^4,2 + ^4,3^3, 2 + d^y, 

iv) -rff jj^ = rf4,0C?3,l - ^4, 1*^3,0; 

v) —d^^od^^ ~ d4fid3^2 ~ (^4, 2^3,0; 

vi) = 0^4, 1*^3, 2 - 0^4,2^3,1 - 'R.fidza- ^ 
For each i, l<t<n— l,wc define the set of all (n — t)-tuples 

X(n-2,t) {A/ = (p,mt,...,m„_2) | 0<m, <p-l} 
and, for each M G A^(n — 2, i) we define 

"n-1 — "n-l,t-l"ji-l,f-"ji-l,n-2 

Theorem 32. We have 

n-l 

Bd^ (Fp(n - 1, 1)) = U {4-1 I M e A^(n - 2, i)} 
t=i 

as a free module basis for ¥p{n — 1, 1) over Z)„. 

Proof. Because of remark [25l we only have to prove that the given set is a 
generating set. We use induction on the total degree \m\ := X)'™* of a typical 

n-2 

monomial = H ^n-i i- 
Let us recall our relations: 

dnA — dn.n — ldn — \^i dn — l^id^_-^ n — 2 ^ ^n— l.i— 1 ^ 

(9) c^«-i,jdf,_i,„_2 = ^dn^i + dn^n-id„-i.i + df^_i,i_i for < i < n - 2 

(10) dn-i,idF^_^^^_^ = -rf„,idn-ij +fi„jd„_i^i + dfj_i j_id„-ij for < i < j - 1. 

(11) '^n^l,0 ~ C?ri,lrfn-1,0 " dnfldn-1.1 

Please note that relations ([9]) and ((TT|) reduce the total degree. On the other hand, 
relation (flOl) does not, but it moves the same type of degree to the left with respect 
to index i. 

It is obvious, because of the types of the relations above, that no other relation 
can be deduced from the ones given. Namely, any combination of these ends up to 
the one given. 

Let di denote dn-i^i for simplicity. 

Let = n d7,'' , < si < ... < < n - 2, and < m^,. Let / d'^'/d^,. 
1=1 

Then f — ^d{i) f (i) where d (i) g Z)„ and / (i) is a basis element by induction. 
Let g ~ f{i)ds^ and / (*) = 11 d^, * . Here m^'^ < p and m^' < p. 

If si < s'l, then g is a basis element. If si ~ s'l and m^' < p, then 5 is a basis 
element. 

Let si ~ S(, TOsj — p and t maximal. Thus g — g'd^t^ . 
i) If = orn— 2, then the total degree of the decomposition according to relations 
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([9]) and (fTT|) is strictly less than that of g. 

ii) Let < < n — 2. According to relation (fTO|) . (Pj^ — d^/ _]^(isj+i + others. 

(*) Now we consider g'd^/_]^c?sj+i- Again by relation (fTO|l . this element is either 
a basis element or decomposes to g' dF, _2ds[ds'^+i + others. After a finite number 

of steps either a basis element is obtained plus others or dQ°4\..dJ':^^' such that 
ko > p and ki < p. Now relation pip is in order. 

Let si — sj, m^/ = p— 1 and t > 1. In this case 5 has the form g — ...d^'^ ^d^, ... 
and we proceed as in (*) above. □ 

Corollary 33. i) Im (res* : H* (Ep/Sp,>-i) H* (V)) is isomorphic to a 
free module over Z?„ on 

I < m < ^1, fc < n, 1 < Sfe, < si < ... < Sfc < n - 1 J 

Here Ai + ... +p. 

ii) Im (res* : H* (E^n-i J Sp) H* (V^)) is isomorphic to a free module over 
D„ on 

I /,<?e Si3„(Fp(n- 1,1)), fc <n-l,0 < Si < ... < Sfe <7i-l J 

Proof. This is an application of proposition [29l Theorem [32l and [TTl corollary 
[281 and lemma [TOl □ 

6. The transfer 

In the opposite direction of the restriction map, a map is defined called the 
transfer for H a subgroup of finite index in G: 

tr* : H* (H) H* (G) 

[G:H] 

At the cochain level tr* (a) (A) = J2 {di ^ ■ Here a £ C\j = Homz{H) (Ci,¥p), 

1 

A e d and {gi} is a set of left coset representatives ([l] page 71). 

Let us recall from the introduction that the Weyl subgroups of V in T,p^i J I]p>.2 
and EpTi are P{ni,n2) and the general linear group GL{n,¥p) respectively. The 
induced inclusion 

induces 

IG:H] 

given by r* (/) — ^ gif. Here / is a P(ni, n2)-invariant polynomial. is a 
1 

FpG-module. In our case the transfer is surjective and H* (y)'^^("''^p) is a direct 
summand. The following diagram is commutative, please see [§]. 

i?* (Sp^l Jl]p>.2) i7* (Spr.) 

J,(res^''"^^^''"^)* i(res^''")* 

i/*(i/)^-p"i/-p-(^) i; i7*(^)^-p"(^) 
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Campbell and Hughes ([2]) have studied the transfer for the case: 

T* : H„ ^ 
We extended the result above ([5]) for 

H* (T/)^" ^ H* (v-)Gi(".Fp) 
In this work we consider the induced map 

f* : Im (res* : H* (G) ^ H* (V)) ^ lm{res* : H* (Sp^) ^ H* {V)) 

Here G = Sp",p, J Spn-i and Spn-i J Sp. 

Next we define a set of coset representatives for the groups under consideration. 
We apply the method of Campbell and Hughes. 

Let Pr„ (a;) G Fp [x] be an irreducible polynomial of degree n and ct„ a root of 
Pr„ (x) in the (p" — l)-st cyclotomic field Fp over Fp f[10j).Let cr„ be a primitive 
root of unity and its minimal polynomial 

Pr(x) =co + ci.T + ... + c„_ix""^+a;" 

n 

Here there exists j such that CjCo ^ 0. Then 

ct" = - (co + cio-„ + ... + c„_i(t""-^) 
and the companion matrix of Pr„ {x) is 



/ ... -co \ 

1 -ci 



V ... 1 -c„_i / 



with Pr„ [An] — 0„xn- So A„ is a representative for (Fp)* and can be identified 
with cr„. 

f;j = < CT°,cr„,...,CT;^^i >=< CT„,...,CTf >,< (T„ >= (f;j)* 
< a,r^ >= f; 

An acts linearly on Fp and An (ccr^) = 00-!^+^. Let us note that this action is 
compatible with the given action on the rings of invariants: let ccr^ be represented 
by (0, ...,0, c, 0, ...,0) with respect to the given basis, then An (cctJj) is the matrix 
multiplication between (0, 0, c, 0, 0) and the i + 1-th column of An- 

Moreover, = crj;""+ Vj^"^ or ^^~"+^ {'^n~^) fo^' ^- Thus the last colmim 
of An can be any non-zero element of {¥f}*. 

Let 

$„ •< cr„,cr„, ...,cr„ >^ V 

Then the map induced by $„((t5j) j/n-i and linearity is an isomorphism. More- 
over, An acts on V via <&„: v4„2;i = <i>„ (o-„o-"^*). Now, (Fp)* can be viewed as a 
subset of the group of automorphisms GL(n, Fp). 

Inductively we define cr„i such that {<Jm) = {yn-m+i, ■■■,yn)* and <^m ■< 
(T°^,am, > {Vn-m+i, ■■■,yn)- We cousider A^ e GL(n,Fp) such that 

Am. iVj) = Vj ioil< j <n-m and ^„ (?/j) = (cTmCr^^-^+i-^) for 1 -h n - to < 
i < n. 
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Lemma 34. i) Let | < i < - 2}/ - where Aj, - A?^^, if 

there exists c G (Fp)* such that A\ — cAl^. Then the set Q is a set of left coset 
representatives for GL(n, ¥p) over P(l, n — 1). 

a) Let C= {(Aj,)' I < i < p" - 2}/ - where A\ ~ A^^, if there exists c&¥* 

such that — cA^^. Then the set C is a set of left coset representatives for 
GL{n,¥p) over P{n- 1,1). 

Proof. We recall that |Gi„ : - 1)| = 2^ = |GL„ : P{n - 1, 1)| = 

\Q\ = \C\. The first column of (^fj) ^ or the last row of {A^Y can be any non- 
zero element of (F^)*. Let g,g' G -P(l,n - 1) and {A'^y^ g = {Al^y^g', then 

^ £ ^"(1,?^ ~ 1) which is not the case for k ^ I. The same is true for 
P(n-l,l). □ 

The following proposition has been proved by Campbell and Hughes in [2] . 

Proposition 35. The set^{A^y^ ... {A^iY^ \ < «,„ < - 2 j is a set of 

left coset representatives for GL{n,¥p) over Un- 

Proof. We apply induction on n. □ 

Proposition 36. Let ^ : Fp(l, n — 1) — > D„ be the natural epimorphism with 
respect to the given free module basis B and 

the transfer map. Then ^ = t* . 

Proof. Let us recall that a free module basis consists oi {h\ J for < 



(p— l)m 



u^V l<i<n.v^<yi.....yi — i> 

The last summand is a GL-invariant and so only m (p — 1) — p"^ ~ p^ for 1 < fc < 
n — 1 should be considered, i.e. t* [h\ \ is a scalar multiple of dn,k- Because 



of proposition m c?„_fc contains ^ Y\ Vk+t ) ■ N^^xt we consider the coefficient 
/ - 1 \ ™ 

of this monomial in t* ihi j or 



t=i 
in 



t;G<yfc4-i,...,j/„-i>,iiG<j/i,...,i/fc> 

This coefficient is p'' (p""^')' = Omodp. Thus r* = 0- ^ 

[](p<c+t-i(p_l))! 



Remark 37. According to the last proof, if m{p — 1) = p'^ — 1, then 

T* {hy^y = {p-i)dn^o 
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Theorem 38. 2j Let ^ : Hn — > Dn be the natural epimorphism with respect 
to the given basis B and t* : Hn Dn the transfer map. Then ^ = r* . 

Proof. It is obvious that J] (^'z)"^ (11^'?) = 

Let ri < — 1^ then the proof of last proposition for n = n — i + 1 imphes 

that (^Al"Zi^lj h^' = 0. Now the statement fohows. □ 



Corollary 39. Let ^ : Fp(l,...,l) — > Z)„ be the natural epimorphism with 
respect to the given basis B and t* : Fp(l,...,l) ^ D„ the transfer map. Then 

Next we consider P (?i — 1, 1). In this case the use of the coset representatives 
arises technical problems. Instead, using degree arguments, we shall prove that 
only particular elements of the given basis might be expressed with respect to 
Dickson algebra generators. Then applying Steenrod operations on Dickson algebra 
generators, we shall prove that the transfer map r* : ¥p{n — 1,1)^ Dn coincides 
with the natural epimorphism ^ : ¥p{n — 1,1) — > Dn with respect to basis B. 

The next technical lemma will be needed for the proof of our next Theorem. 

Lemma 40. Let rrii and m'^ he non-negative integers such that < rui < p — I, 
m'j > and p a prime number. 

1 ) Let < i < n ~ 2 and < j < n — 1 . Then the equation 

n— 2 n— 1 



does not have an integral solution. 

2) Let if) < i < n — 2 and < j < n — 1. Then the equation 

n— 2 n— 1 

io + 1 

admits solutions of type nii^^+i = ... = — p — 1 , m.i = Q for k < i and m'^-^_i = 
k — if), fn'k+i = 1 o-nd zero otherwise. Here ig < k < n — 2 and rrii = for any 
i > io, "T-iji+i — 1 and zero otherwise. 

Theorem 41. Let ^ : ¥p{n — 1,1) — > Dn be the natural epimorphism with 
respect to the given free module basis B and r* : ¥p{n — 1,1) Dn the transfer 
map. Then ^ = T* . 

Proof. If we show that T*{d) — for all d in the basis, then ^ = r*. Because of 
the statement in last lemma only the following cases should be considered: <i^_i j^, 

and <lfn-l,^odl~-\,^o + l■■■dl''Xk■ 

Let r* = cdn,^o+l■ Applying PP'\ we get r* «_i,,„_i) = cdn,i„. 

Applying PP...PP'°-i on the previous element, we get 

'r* «-i,o) = cd„,i 

But 

P^T* «-i.o) = Pi (crf„,i) - cd„,o 
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Let / = c^^-i.^o^-Mo+r-^llfc and 5 = dn,k+id'^~nli- We would like to apply 
PP . Using Theorem [7] we show that no monomial of / 7^ is in the ideal 
(d„_i,fe). Then f e (d„_i,o, dn-i,fc-i)- Since 

PP'' f contains the summand d^_-^ io-ii^n-i io---^n-i fe-i- So P^*"/ 7^ 0. 

Claim: No monomial of P^ f is in the ideal {dn-i,k)- We prove the claim by 
showing that there does not exist a solution of 

unless ak-i^k-i = P ^ 1- In that case 

P''''f= E c(mo,...,mfe_i) "nC-M 

(mo,...,mfc_i) t-0 

Here < a^-^i < aj,i+i < p — 1 for io + l<j<fc — 1 and < ai„^i < aj^^i+i < 1. 
We consider the extreme cases and prove that there is no positive solution. 

Let ak-i,k-i = P ~ 2, Uk-i.i = p — 2, Uj^i = p — 1 for + 1 < j < fc — 2 and 
a.ig^t = 1- Then 

E t a,,,p' = / - (fc - ^o - 3) < / 

j=io i=0 

Now the claim follows. 

It is obvious that if ak-i,k-i = P — 1, then no summand of PP f is in (o?„_i^fc). 
Applying P^...PP , we get 

P\..pp'f = and P\..PP" [dn.kd';-:!,) = d,,^odt-:\ 

The last line is an application of Theorem [T] □ 

The next example is a counterexample to the statement of last Theorem in the 
case Im ^res^""'"^ 2 Hn. 

Example 42. Let p = 3 anrf n = 2. ThenY'v2[x) ~2+x+x'^ and = 2(72 + 1 
or A2 — ^ ^ 2 ~ 1 ) ' ^ '''^^ ''•^ coset representatives for GL{2,3) 

over P{1, 1) is given in vrovosition \35l 

By direct computation, T* (^Mi^ohf ^ ^) = M2,iL^ ^ 7^ 0. Let us note that 
^ — 1— 

Mis)h\ ^ is a basis element. 

Theorem 43. 5 Let ^,r* : Im (res^''""^ Im (resy''"y . Then ^ = f * m 
the ideal generated by (dnfl). 

Proof. Let / e Im (^res^"""^ . Then f* (/d„,o) = t* (/)d„,o- But accord- 
ing to lemma [TUl 
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If C (/i^^-^)) is not divisible by d n,o, then it must be zero. □ 
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